Automorphisms of Chevalley groups 
of types B2 and G2 over local ringqj 

E.I . Bunina 

Abstract. 

C"^^ ■ In the paper we prove that every automorphism of any adjoint Chevahey group of types B2 or G2 

^^ , is standard, i.e., it is a composition of the "inner" automorphism, ring automorphism and central 
^\i I automorphism. 

> 
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| 7j ' Introduction. 

An associative ring R with a unit is cahed local, if it has exactly one maximal ideal (which coincides 
p/ . with the Jacobson radical of R). Equivalently, all non-invertible elements of R form an ideal. In this 
r^ I paper all rings under consideration are commutative. 

Let Gad be a Chevalley-Demazure group scheme associated with an irreducible root system <I> of 
type B2 or G2 (see detailed definitions in the next section); Gad{R,^) be a set of points G with 
values in R; Ead{R,^) be the elementary subgroup of Gad{R,^), where R is a local commutative 
ring with 1. In this paper we describe automorphisms of Gad(i?, $) and EadiR,^) (for the root 
systems Ai,Di and Ei the automorphisms were described in the paper [1]). Suppose that R is a local 
ring with 1/2 and 1/3. Then every automorphism of Gad{R,^) (EadiR,^)) is standard (see below 
definitions of standard automorphisms). These results for Chevalley groups over fields were proved 
^T) ', by R. Steinberg [2] for finite case and by J. E. Humphreys 'S] for infinite case. K. Suzuki [4] studied 
lO ■ automorphisms of Chevalley groups over rings of p-adic numbers. E. Abe f5] proved this result for 
Noetherian rings, but the class of all local rings is not completely contained in the class of Noetherian 
rings, and the proof of [5] can not be extended to the case of arbitrary local rings. 

From the other side, automorphisms of classical groups over rings were discussed by many authors. 
f~^ I This field of research was open by Schreier and Van der Varden, who described automorphisms of the 
group PSLn [n > 3) over arbitrary field. Then J. Diedonne [6], L. Hua and I. Reiner [7j, O'Meara [8], 
B. R. McDonald [9j, I. Z. Golubchik and A. V. Mikhalev [10] and others studied this problem for groups 
kS \ over more general rings. To prove our theorem we generalize some methods from the paper of V. M. Pe- 
C^ ■ techuk [n]- 

Every Chevalley group under consideration is embedded into the group GLn{R) for some A^ E N. 
Therefore we can consider Chevalley groups as matrix groups and use linear algebraic group technique: 
invertible coordinate changes in local rings, uniqueness of a solution of systems of linear equations 
over local rings with the condition, that determinant of a corresponding matrix is invertible, and so 
on. As the result we come to the fact that every automorphism of Chevalley group is induced by 
automorphism of the corresponding matrix ring. 

The author would like to thank A.Yu. Golubkov, A. A. Klyachko and A.V. Mikhalev for valuable 
comments and attention to the work. 
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1. Definitions and formulations of main theorems. 



1.1. Root systems. 

Definition 1. A finite nonempty set <i> C M' of vectors of tlie space M' is called a root system, if it 
generates M , does not contain and satisfies the following properties: 

1) Va G $ (c • a G $ <=^ c = ±1); 

2) if we introduce 

{a, (3) := — — ^-^- {reflection coefficient) 
[a, a) 

for a, /? G M', then for any a, /3 G $ we have {a, j3) G Z; 

3) let for Q G M , Wa be a reflection under a hyperplane, orthogonal to the vector a, i. e., V/3 G M 

WaiP) = (3 — {a, (3)a. 

Then for any a, f3 G ^ we have Wa{P) G ^, i.e., the set <I> is invariant under the action of all 
reflections Wa, a G <&. 

If <J> is a root system, then its elements are called roots. 

Definition 2. The group W generated by all reflections Wa, a G <5, is called a Weil group of the 
system $. 

Definition 3. If we put in the space M a hyperplane, that does not contain any roots from <I>, then all 
roots are divided into two disjoint sets oi positive (<!>"'') and negative {^~) roots. A system of simple 
roots is a set A = {cti, . . . ,ai} C ^~^ such that any positive root f3 G ^~^ is uniquely written in the 
form niai + • • • + niai, where rii, . . . ,ni G Z+. 

For every root system <I> there exists a system of simple roots. The number I is called a rank of the 
system $. 

Among all root systems we are interested in undecomposable systems, i. e., such systems <I> that can 
not be represented as a union $ = <I>i U <I>2 of two disjoint sets with mutually orthogonal roots. 

Definition 4. By any root system one can construct the following Dynkin diagram. It is a graph 
that is constructed as follows: its vertices correspond to the simple roots ai, ... ,ai, two vertices with 
numbers i and j are connected, if {ai,ai) ^ 0. If \ai\ = \aj\, then {ai,aj) = {aj,ai) and the number 
of edges between vertices i and j is equal to \{ai,aj)\. If \ai\ > \aj\, and {ai,aj) < {aj,ai) and 
|(aj,aj)| = 1. In this case the vertices i and j are connected by |(aj,aj)| edges and an arrow comes 
from a long root to a short one. 

By a Dynkin diagram we can uniquely define a root system. 

All undecomposable root systems up to an isomorphism are divided into 4 infinite (classical) series 
■Ai {I > 1), Bi (l > 2), Ci (l > 3) and Di (I > 4) and 5 separate {exceptional) cases Eq, Ei, Eg, F4 
and G2. 

In this paper we are interested in the root systems B2 and G2, with Dynkin diagrams 
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Here we fix a root system <l>, of type B2 or G2, with system of simple roots A(i?2) = {ai = 
ei - 62,02 = 62}, or A(G2) = {ai = e\ - 62,02 = -26i + 62 + 63}, positive roots ^^{B^) = 
{ai, 02,01 + 02 = ei,ai + 2o2 = 61 + 62}, or <I>+(G2) = {01,02,01 + 02 = 63 — 6i,2oi + 02 = 
63 — 62, 3ai + 02 = 61 + 63 — 262, Soi + 2o2 = 263 — 61 — 62}, Weil group W. Recall that in our case 
in the root system there are roots of two lengths, all roots of the same length are conjugate by the 
action of the Weil group. More details about root systems and their properties can be found in the 
books [12], [H]. 

1.2. Semisimple Lie algebras. More details about semisimple Lie algebras can be found in the 
book m\. 



Definition 5. Lie algebra C over a field X is a linear space over K, with an operation of multiplication 

x,y >-^ [x,y], linear by both variables and satisfying the following conditions: 

1) anticommutativity: 

\/x,y e C [x,y] = -[y,x]; 

2) Jacobi identity: 

Vx, y,z e C [x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0. 

Dimension of Lie algebra is defined by its dimension as a linear space over K. So Lie algebra is 
called finite dimensional, if the space C is finite dimensional. 

Definition 6. A subspace C of a Lie algebra £ as a linear space is called a subalgebra of C, if Vx, y G C 
[x,y] G C . A subalgebra C' of C is called its ideal, if Vx G £' Vy G £ [x, y] € £'. A commutant of Lie 
algebras Ci and £2, lying in one Lie algebra C, is its subalgebra C = [Ci,C2], generated by all [x,y] 
for X G £1, y G £2- 

Definition 7. A sequence 

£0 = £,£! = [£, £0], £2 = [£,£!],..., £'^+1 = [£, £"],... 

is called a central series of a Lie algebra C. If for some n G N we have £" = 0, then a Lie algebra £. 
is called nilpotent. 

Definition 8. A sequence 

£(0) =£,£(1) = [£(0),£(0)],£(2) = [£(1), £(!)],..., £("+!) = [£("),£(«)],... 

is called a derivative series of a Lie algebra C. If for some n G N we have C^^' = 0, then £ is called 
solvable. 

Definition 9. Consider a finitely dimensional Lie algebra £.. The greatest solvable ideal of Lie algebra, 
that is a sum of all its solvable ideals, is called a radical of Lie algebra. A Lie algebra with zero radical 
is called semisimple. A noncommutative Lie algebra C is called simple, if its has exactly two ideals: 
and C. 

Finitely dimensional semisimple Lie algebra over C is a direct sum of simple Lie algebras. 

Definition 10. A normalizer of a subalgebra C in an algebra £ is a subalgebra 

NciC) := {x e C\yy e C [x,y] e C'}. 



Definition 11. A Cartan subalgebra of a Lie algebra C is its nilpotent self-normalizing subalgebra 7i. 
For a semisimple Lie algebra it is Abelian and is defined up to an automorphism of the algebra. 

Proposition 1. ([E], §8) Let C be a semisimple finitely dimensional Lie algebra overC, TC its Cartan 
subalgebra. Consider the space H* . Let for a G Ti* 

Ca '■= {x & C \ [h, x] = a{h)x for any h € Ti}. 

In this case Cq = T-L and the algebra C allows a decomposition C = 7i(B ^ Caj Oi,nd if Ca ¥" 0; then 

dim. Ca = 1, all such nonzero a £ Ti that C^ 7^ 0, form some root system $. A root system $ and a 
semisimple Lie algebra C over C uniquely define each other. 

On a Lie algebra C one can introduce a bilinear Killing form 

x{x,y) = tr(adxady), 

where adx € GL(C), adx : z >-^ [x,z] is an adjoint representation. For a semisimple Lie algebra a 
restriction of the Killing form on Ti is non-degenerate, so we can identify the spaces TC and Tl*. 

Proposition 2. ([Hj, P- 10) There exists a basis {hi, . . . ,hi} in TC and for every a £ ^ elements 
Xa € Ca so that 

1) {hi;Xa} is a basis in C; 

2) [hi,hj]=0; 

o) [n,i,Xa\ = \0.j CXi/Xa,' 

4) [xq-jX-q] = ha = is an integral linear combination of h^; 

5) [Xa,Xp\ = NafiXa+p, o + /? G $ (Nap G Zj; 

6) [xa^xp] = 0, i/ a + /? 7^ 0, a + /3 ^ $. 

Definition 12. A representation of Lie algebra £ in a linear space T^ is a linear mapping vr : £ — > gliy), 
with 

\/x,y £ C tt{[x, y]) = 7r(x)7r(y) - TT{y)'7r{x). 
A representation is called faithful, of it has zero kernel. 

1.3. Elementary Chevalley groups. Introduce now elementary Chevalley groups (see |14j). 

Let £ be a semisimple Lie algebra (over C) with the root system $, vr : £ ^ dK^) be its finitely 
dimensional faithful representation (of dimension n) . Then we can choose a basis in the space V (for 
example, we can take a basis of weight vectors) so that all operators 7r{xa) /k\ for fc S N are written as 
integral (nilpotent) matrices. An integral matrix can be also considered as a matrix over an arbitrary 
commutative ring with a unit. Let Rhe a ring of this type. Consider the n x n matrices over R, the 
matrices TT{xa)''/k\ for a E $, A; G N are included in Mn{R). 

Now consider automorphisms of the free module R"' of the form 

exp(teQ,) = Xa{t) = 1 + t-K{Xa) + t^-K{Xaf /2 -\ h t'' TT {x a)^ / k\ + ... 

Since all matrices '^{xa) are nilpotent, we have that this series is finite. 

Definition 13. The subgroup of Aut{R^), generated by all automorphisms Xaif), a € <1>, t € .R, is 
called an elementary Chevalley group (notation: Et^{^,R)). 

Definition 14. In elementary Chevalley group we can introduce the following important elements 
and subgroups: 

— Wa{t) = Xa{t)X-a{-t^^)Xa{t), a £ (^ , t £ R* ; 

— ha{t) = Wa{t)Wa{l)'^ ; 

— the subgroup N is generated by all Wa{t), a G $, t G R*; 



— the subgroup H is generated by all ha{t)., a & (^, t ^ R* . 

It is known that the group A^ is a norniahzer of H in elementary Chevahey group, the quotient 
group N/H is isomorphic to the Weil group W{(^). 

Elementary Chevalley groups are defined not by representation of the Chevalley groups, but just 
by its weight lattice: 

Definition 15. If V is the representation space of the semisimple Lie algebra C (with the Cartan 
subalgebra 7Y), then a functional A S 7i* is called the weight of its representation, if there exists a 
nonzero vector v ^V (which is called the weight vector) such that for every h ^ 7i TT{h)v = X{h)v. 
All weights of a given representation (by addition) generate a lattice (free Abelian group, where every 
Z-basis is also a C-basis in 7i*), that is called the weight lattice At^. 

An elementary Chevalley group is completely defined by a root system $, commutative ring R with 
a unit and a weight lattice Ajr- 

Among all lattices we can mark two: the lattice corresponding to the adjoint representation, it 
is generated by all roots (the adjoint lattice Aad) and the lattice generated by all weights of all 
representations (the universal lattice A^c). For every faithful representation vr we have the inclusion 
Aad ^ Att C Age- Respectively, we have the adjoint and universal elementary Chevalley groups. 

Proposition 3. ([H], p. 32) Every elementary Chevalley group satisfies the following conditions: 
(Rl) ya e^ \/t,u e R Xa{t)xaiu) = Xa{t + u); 
(R2) ya,(3£<^yt,ueR a + (3 ^ ^ 

[Xa{t),Xf3{u)] = Xa{t)xi3{u)Xa{-t)xi3{-u) = Y\_Xia+jf3{Cijfu^), 

where i,j are integers, multiplication is taken by all roots ia + jP, permuted in some fixed order; Cij 
are integer numbers not depending of t and u; 

(R3) \/ae(t Wa = Wa{l); 

(R4) Va,/? G $ Vi G R* Wc,hp{t)w-^ = V(^)(t); 

(R5) Va,/3 G <I> Vi G -R* WciXp{t)w~^ = a;^^(^)(ct), where c = c{a,P) = ±1; 

(R6) ya,l3e<^yteR*yueR ha{t)xp{u)ha{ty^ = 2;^(t<^'">u). 

By Xa we denote the subgroup generated by all Xa{t) for t & R. 

1.4. Chevalley groups. Introduce now Chevalley groups (see [Hj, [15], [16], [T7], and the later 
references in these papers). 

Definition 16. A subset X C C" is called an affine variety, if X is a set of common zeros in C" of a 
finite system of polynomials from C[xi, . . . , Xn\. 

Definition 17. Topology of an affine n-space, where a system of closed sets coincides with the system 
of affine varieties, is called a Zarisski topology. A variety is called irreducible, if it can not be represented 
as a union of two proper nonempty closed subsets. 

Definition 18. Let G be an affine variety with a group structure. If both mappings 

m -.G y. G ^ G, m{x, y) = xy, 

i:G^G, i{x)=x-^ 

are expressed as polynomials of coordinates, then G is called an algebraic group. A linear algebraic 
group is an arbitrary algebraic subgroup in M„(C) (with matrix multiplication). 
An algebraic group is called connected, if it is irreducible as a variety. 



Every algebraic group G contains the unique greatest connected solvable normal subgroup: a radi- 
cal R{G). A connected algebraic group with trivial radical is called semisimple. 

Consider semisimple linear algebraic groups over algebraically closed fields. These are precisely 
elementary Chevalley groups £'^($,i^) (see [H], §5). 

All these groups are defined in SLn{K) as common set of zeros of polynomials of matrix entries aij 
with integer coefficients (for example, in the case of the root system Ci and the universal representation 
we have n = 21 and the polynomials from the condition {aij)Q{aji) — Q = 0). It is clear now that 
multiplication and inversion are also defined by polynomials with integer coefficients. Therefore, these 
polynomials can be considered as polynomial over arbitrary commutative ring with a unit. Let some 
elementary Chevalley group E over C be defined in 5L„(C) by polynomials pi{aij), . . . ,Pm(«ij)- For 
a commutative ring R with a unit let us consider the group 

G{R) = {{aij G Mn{R)\pi{aij) = 0, . . . ,Pm{aij) = 0}, 

where pi(. ..),.. -Pmi- ■ ■ ) are polynomials having the same coefficients as pi(. ..),... ,Pmi- ■ ■ ), but 
considered over R. 

Definition 19. A group described above is called a Chevalley group Gj^^^jR) of type ^ over ring R, 
for every algebraically closed field K it coincides with elementary Chevalley group. 

Definition 20. The subgroup of diagonal (in the standard basis of weight vectors) matrices of the 
Chevalley group G,r(^,-R) is called the standard maximal torus of Gt,^{^,R) and it is denoted by 
T-,^{^,R). This group is isomorphic to H om{K-,^ , R*) . 

Let us denote by h[x) the elements of the torus Tt^{^,R), corresponding to the homomorphism 
XGi?om(A(7r),i?*). 

In particular, ha{u) = h{xa,u) (u € i?*, a € <I>), where 

Xa,« : A ^ u<^'"> (AgA^). 

Note that the condition 

G^{<^,R) = E^{<^,R) 

is not true even for fields, that are not algebraically closed. But if G is a universal group and the 
ring R is semilocal (i.e. it contains only finite number of maximal ideals), then we have the condition 

Gsc{^,R) = Esc{^,R). [IB], m. PQ], m- 

Let us show the difference between Chevalley groups and their elementary subgroups in the case 
when a ring R is semilocal and a Chevalley group is not universal. In this case Gtj{^, R) = Et^{^, R)T-,^{^, R) 
(see [18], |19] . |21j). and the elements h{x) are connected with elementary generators by the formula 

(1) h{x)xp{i)h{xr^ = x^ixim- 

It is known that the group of elementary matrices E2{R) = Esd^i^R) is not necessary normal in 
the special linear group SL2{R) = Gsc{Ai,R) (see [22], [23], [23). 

But if $ is an irreducible root system of the rank I > 2, then E{^, R) is always normal in G($, R). 
In the case of semilocal rings from the formula ([T]) we see that 

[G{^,R),G{^,R)\'^E{^,R). 

If the ring R also contains 1/2, then it is easy to show that 

[G($, R), G{^, R)] = [E{^, R),E{^, R)] = E{^, R). 



1.5. Definitions of standard automorphisms and formulations of main theorems. 

Definition 21. Let us define three types of automorphisms of the Chevahey group Gn{^,R), that 
are call standard. 

Central automorphisms. Let Cg{R) be the center of G,r(<I>,i?) and r : G.,^{(^,R) —^ Cg{R) is a 
homomorphism of groups. Then the mapping x i-^ t{x)x from Gtj{^, R) onto itself is an automorphism 
of G7r('5,-R), that is denoted by the letter r and called a central automorphism of G,r($,i?). 

Every central automorphism of the Chevalley group Gt^{^, R) is identical on its commutant. By our 
assumptions the elementary subgroup Et^{(^,R) is a commutant of G-,^{^.,R) and Et^{^,R), therefore 
on elementary Chevalley groups all central automorphism are identical. 

Ring automorphisms. Let p : R ^> Rhe an automorphism of the ring R. The mapping x ^^ pox 
from Gt^{^,R) onto itself is an automorphism of G7r($,i?), that is denoted by the same letter p and 
is called the ring automorphism of Gt^I^jR). Note that for all a G <I> and i € i? an element Xa{t) is 
mapped into Xa{p{t)). 

"Inner" automorphisms. Let V be the space of the representation vr of the group Gtj{^,R), 
g E GLiy) is such a matrix that gGT^{^,R)g^^ = Gt^{^,R). Then the mapping x i-^ gxg~^ from 
Gw($,-R) onto itself is an automorphism of G{R), that is denoted by ig and is called the "inner" 
automorphism of G{R), induced by the element g of the group GL(y). 

Similarly we can define three types of automorphisms of the elementary subgroup E{R). An au- 
tomorphism a of G-^{^,R) (or Et^{^,R)) is called standard, if it a composition of automorphisms of 
these three types. 

Theorem 1. Let Ead{^,R) be an elementary Chevalley group with an irreducible root system of 
types B2 or G2, R be a commutative local ring with 1/2. Suppose that if ^ = G2 then 1/3 € R. Then 
every automorphism of Ead{^,R) is standard. 

In our case we have the same theorem for the Chevalley groups Gadi^^R)'- 

Theorem 2. Let Gadi^^R) be a Chevalley group with an irreducible root system of types B2 or 
G2, R be a commutative local ring with 1/2. Suppose that if ^ = G2 then 1/3 G R. Then every 
automorphism of Gad{^,R) is standard. 

Description of nonstandard automorphisms of the groups SL^^R), GL^{R) over local rings with 
noninvertible 2 can be found in [25j . 

The next sections are devoted to the proof of the main theorems. 

2. Replacing the initial automorphism with the special one. 

In this section we use some reasonings from |llj . 

Definition 22. By GLn{R, J) we denote the group of matrices A from GLn{R) such that A — E £ 
Mn{J), J is the radical of R. 

Proposition 4. By an arbitrary automorphism (p of elementary Chevalley group Ead{^,R) one can 
construct an isomorpism ip' = ig-\ip, g G GLn{R) of the group Ead{^,R) C GLn{R) onto some 
subgroup in GLn{R), such that every matrix A G Eadi^,R) with elements from the subring of R, 
generated by unit, is mapped under the action of this isomorphism ip' to some matrix from the set A ■ 
GLn{R, J). 



Proof. Let J be the maximal ideal (radical) of R, k the residue field R/J. Then Ej = E{^,R, J) 
is a group generated by all Xa(t), a G $, t G J, is the greatest normal proper subgroup in E{^,R) 
(see [E]). Therefore, Ej is invariant under the action of (p. 
By this reason 

<p:E{^,R) ^ E{<^,R) 
induces an automorphism 

7p : E{^, R)/Ej = E{<^, k) -^ E{<^, k). 

The group -E($, k) is a Chevalley group over field, therefore automorphism Tp is standard, i. e., it has 
a form 

If = ig-p, g G Ej{E{^, k)) (see HU, § 10). 

It is clear that there exists a matrix g G GLn{R) such that it image under factorization i? by J is 'g. 
Note that it is not necessarily g G N(E{^,R)). 

Consider the mapping ip' = ig-np- it is an isomorphism from the group Eadi^,R) C GL^iR) onto 
some subgroup of GLn{R) such that its image under factorization i? by J is p. 

Since the automorphism p identically acts on matrices with all elements generated by the unit of k, 
then every matrix A G E{^,R) with elements from the subring of R generated by unit, is mapped 
under the action of (p' into some matrix from the set A ■ GLn{R, J). D 

Let a G E{^, R), a? = 1. Then the element e = 2 (1 + cl) is an idempotent in the ring Mn{R). This 
idempotent e defines a decomposition of the free i?- module V = i?" : 

V = eV®{l-e)V = Voe Vi 

(the modules Vq, Vi are free, since every projective module over local ring is free). Let F = Fq © ^1 
be decomposition of the fc-module V with respect to a, and e = ^(1 + a). 
Then we have 

Proposition 5. The modules (subspaces) Vq, Vi are images of the modules Vq, Vi under factorization 
by J. 

Proof. Let us denote the images of Vq, Vi under factorization by J by Vq, Vi, respectively. Since Vq = 
{x G V\ex = x}, Vi = {x G V\ex = 0}, we have e(x) = ^{l + a){x) = ^{l + a{x)) = ^{l + a{x)) = e{x). 
ThenFo cFo, VI ^Fi. 

Let X = xq + xi, xq G Vq, xi G Fi. Then e{x) = e(xo) + e(xi) = xq- If x G Vq, then x = xq. D 

Let b = p>'(a). Then 6^ = 1 and b is equivalent to a modulo J. 

Proposition 6. Suppose that a,b & Et^{^,R), a^ = b"^ = 1, a is a matrix with elements from the 
subring of R, generated by the unit, b and a are equivalent modulo J , V = Vq ®Vi is a decomposition 
of V with respect to a, V = Vq® V{ is a decomposition of V with respect to b. Then dim Vq = dim Vq, 
dim V( = dim Vi . 

Proof. We have an i?-basis of the module V {ei, . . . , e„} such that {ei, . . . , Cfc} C Vq, {sk+i, ■ ■ ■ , e^} C 
Vi- It is clear that 

n n 

ocj = oej = (^ aijCj) = y^ ajjCj . 

Let V = Vq (BVi, y = Fq © y^ ^^^ decompositions of fc-module (space) V with respect to a and b. 
It is clear that Vq = Vq, Vi = V^. Therefore, by Proposition [5] the images of the modules Vq and Vq, 
Vi and V( under factorization by J coincide. Let us take such {/i, . . . , //;} C Vq, {fk+i, • • • , /«.} C V( 



that /j = Cj, i = 1, . . . , n. Since the matrix of transformation from {ei, . . . , e^} to {/i, . . . , /„} is 
invertible (it is equivalent to the identical matrix modulo J) we have that {/i, ...,/„} is a iZ-basis 
in V. It is clear that {/i, . . . , fk} is a i?-basis in Vj, {vk+i, ■ ■ ■ , Vn} is a i?-basis in V{. D 

3. Images of Wa^ 

Consider an adjoint Chevalley group E = E{^,R) with one of root systems B2 or G2, its adjoint 
representation in the group GLiq{R) (or GLi4{R)), in the basis of weight vectors vi = XQj,f_i = 
x-ai , ■ ■ ■ ,vi = Xai , V-i = x-a_i , Vi = /ii, V2 = /i2, Corresponding to the Chevalley basis of B2, or G2. 

We suppose that with the help of the automorphism tp we constructed an isomorphism ip' = ig-i(p, 
described in the previous section. Recall that it is an isomorphism from Eadi^,R) C GLn{R) onto 
some subgroup in GLn{R), such that its image under factorization R hy J coincides with a ring 
automorphism p. 

Consider matrices /iq,^(— 1), /ia2(— 1) (see Definition 14) in our basis. They have the form 

K, (-1) = diag[-l, -1, -1, -1, 1, 1, 1, 1, 1, 1], 

KA-'^) = E 

for B2 and 

KA-'^) = diag[l, 1, -1, -1, -1, -1, -1, -1, -1, -1, 1, 1, 1, 1], 
ha,{-l) = diag[-l, -1, 1, 1, -1, -1, 1, 1, -1, -1, -1, -1, 1, 1] 

for G2. 

According to Proposition [6] we see that every matrix hi = (/9'(/iq,-(— 1)) in some basis is diagonal 
with ±1 on diagonal, the number of 1 and —1 coincides with this number for /i^. (— 1). Since hi and /12 
commute, there exists a basis, where hi and /12 have the same form as /iq,^(— 1) and /iq,2(— 1). Suppose 
that we come to this basis with the help of the matrix gi . It is clear that gi € GLn {R, J) . Consider 
the mapping ipi = ig^f'- It is also an isomorphism of the group E onto some subgroup of GLn{R) 
such that its image under factorization i? by J is p, and 99i(/ia. (— 1)) = /iq,. (— 1) for i = 1,2. 

Let us consider the isomorphism fi. 

Remark 1. Every element Wi = ti;a-(l) maps (under conjugation) diagonal matrices into diagonal 
matrices, i. e., every image of Wi has block-monomial form. In particular, it can be written as a block- 
monomial matrix, where the first block is 8 x 8 for B2 and 12 x 12 for G2, and the second block is 
2x2. 

After conjugation with the matrices from GLn{R, J) we come from weight basis to some other basis 
of V. Consider the first vector of this new basis, denote it by e. The Weil group W transitively acts 
on the roots of the same length, therefore for every root ai of the same length as the first one there 
exists such ti;("») g W that w^'^^'ai = ai. Similarly, all roots of the second length are also conjugate 
up to the action of W. Let a^ be the first root of the length not equal to the length of ai, and let 
/ be a fc-th basis vector after the last basis change. If Oj is a root conjugate to a^, then denote by 
W(^a-) the element of W such that it^(a.)afc = Oj- onsider now the basis ei, . . . ,e2m+2, where ei = e, 
fifc = /) and for 1 < f < 2™, either Cj = ipi{w^°'^')e, or Cj = (pi{w(^ai))f depending of the length of a^; 
for 2m < i < 2m + 2 Cj is not changed. It is clear that the matrix of this basis change is equivalent to 
1 modulo J . Therefore the obtained set of vectors is a basis. 

Clear that the matrix ipi{wi) {i = 1, 2) on the basis part {ei, . . . , 612} coincides with the matrix Wi 
in the initial basis of weight vectors. Since /ij(— 1) are squares of Wi, their images are not changed in 
the new basis. 
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Moreover, we know (Remark 1), that ipi{wi) is block-diagonal up to the first 8 (12) and last two 
elements. Therefore, the last basis part consisting of two elements can be changed independently. 

Let us denote matrices Wi and (pi{wi) on this part of basis by Wi and ipi{wi) respectively, and 
2-dimensional module, generated by e2m+i and e2m+2, by V. 

Lemma 1. For the root systems B2 and G2 there exists such a basis that ipi{wi) and (/'i(ty2) in this 
basis have the same form as wl and W2, i- e. are equal to 



for the case B2 and 



-1 


2 





1 


-1 


3 





1 



and 



and 






-1 





-1 



for the case G2. 

Proof. Since wi is an involution and V^ has dimension 1, then there exists a basis {61,62}, where 

'^i{wi) has the form diag[—\, 1]. In the basis {61,62 — ei} the matrix ipi{wi) has the obtained form 
for i?2, and in the basis {ei, 62 — 3/2ei} it has the obtained form for G2. 

Let the matrix ipi{w2) in this basis be 

fa b^ 
\c di 
Let us make the basis change with the matrix 

1 {l-a)/c 
1 + ^ii^ 

c 

Under this basis change the matrix ipi{wi) is not moved, and the matrix '^i{w2) has the form 

'1 b'^ 



d' 



Since this matrix is an involution, we have c'(l + d') = 0, 1 + b'c' = 1. Therefore, d' = —1, b' = 0. 
Now let us consider the cases B2 and G2 separately. 
For the case B2 we can use the condition 

-1 l\ A \\^ ( fl \ /-I 1 



I) \c' -I) J \\c' -I) \{) 1^ 

This condition gives (its second line and first row) 2c'(c' — 2) = 0, so c' = 2. 
For the case G2 

l){l' -ij) =((c' -l)(o' { 
therefore 3c'(3c' — l)(c' — 1) = 0. Since 3 € R*, c' = 1 mod J, 3c' — 1 = 2 mod J, we have c' = 1. D 

Thus, now we can move to an isomorphism (p2, that is obtained from ipi by some basis change with 
the help of a matrix from GLn{R, J)- It has all described above properties of fi, but also additionally 
^2{wi) = Wi for alH = 1, . . . , /. 

Suppose that we now have namely isomorphism 992 of this form. 

We need to consider separately the cases B2 and 6*2. Having and isomorphism ip2^ replacing all 
elements of the Weil group, we want with one more basis change move to the new isomorphism ip^, 
that has all properties of ip2, but also does not move all elements x^. (1), ai € $. 
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4. Images of Xq,^(1) in the case B2. 

In the case B2 we have roots (ordered as fohows): ei, — ei, 62, —62, ei + 62, — ei — 62, ei — 62, 62 — ei. 
Therefore, the adjoint representation has dimension 10. In this representation 



(0 





-1 




















0\ 











-1 




















1 
































1 






































1 
































1 



































-1 


























-1 



































-1 


1 


^0 


























V 



/o 


1 























0\ 


1 



































1 
































1 









































-1 


























-1 


























-1 


























-1 









































-1 





\o 























-2 


V 



Jei+e2 



/O 





-1 











0\ 




(-1 














0\ 





-1 






















-1 














1 































-1 








1 




























-1 























-1 






















10 














-1 











, We-2 = 














10 




















1 



















10 




















1 



















10 




















1 


-1 
















1 





\0 

















-V 




^0 











2 


-y 



Xe^il) 



(I 

















2 








0\ 





1 











_2 




















1 


-1 














2 


-2 











1 




















1 











1 





1 


























1 
































1 














-1 











1 





1 
































1 





Vo 








1 

















1/ 



It is clear that any conditions that hold for elements of the Chevalley group, hold also and for their 
images under the isomorphism 992- We will use this fact. 
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Using the condition Wei ■ Xe2(l) 



^62 



'1) • Wei, '^6 obtain 



X 


22 — ^2 


[Xe,{l)) = 
























( ai,l 


ai,2 


ai,3 


ai,4 


ai,5 


01,6 




01,7 




01,8 


01,9 


O140 




ai,2 


ai,i 


ai,3 


ai,4 


-ai,8 


-01,7 




-01,6 




-01,5 


— oi,9 — 2ai^io 


oi,io 




03,1 


03,1 


03,3 


03,4 


03,5 


03,6 




-03,6 




-03,5 


03,9 


-03,9 




04,1 


04,1 


04,3 


04,4 


04,5 


04,6 




— 04,6 




-04,5 


04,9 


—04,9 




05,1 


05,2 


05,3 


05,4 


05,5 


05,6 




05,7 




05,8 


05,9 


05,10 




06,1 


06,2 


06,3 


^6,4 


06,5 


06,6 




06,7 




06,8 


06,9 


06,10 




-06,2 


-a6,i 


-06,3 


-06,4 


06,8 


06,7 




06,6 




06,5 


06,9 + 2a6,l0 


— 06,10 




-05,2 


-05,1 


-05.3 


-05,4 


05,8 


05,7 




05,6 




05,5 


05,9 + 205,10 


-05,10 




09,1 


-09,1 








09,5 


09,6 




09,6 




09,5 


09,9 







\aio,i 


aio,i — 2094 


aio,3 


aio,4 


Ol0,5 


Ol0,6 


209 


,6 - Oio,6 


2a 


3,5 — Oio,5 


Ol0,9 


09,9 — Ol 



(it can be checked by direct calculations). 
Making basis change with the block-diagonal matrix, that is identical on the basis part 



1^61+62) ^— ei— 62) ^61—62) ' 



'62- 



and has the form 
/ 2aij/(af 



T + atsJ 
2ai,8/(a?,7 + a?,s 




-2aifi/{alj 



+ «1,8) 



2a 



1,7 



V 







/(a?,7 + «li 






.1,^1,^2} 




2aij/(af 7+af8) 








\ 



-2ai,8/(af 7 + a 



-2ai,8/(a?,7 + a?^) 
'^1,7, 



2ai.7/(a?,7 + «?,8) / 



on the part {ve^ , 



i,Ve2,V-e2}-, we do not move the elements Wi, but now ai,7 is equal to 2, and ai,8 
us equal to zero 0. At the same time this basis change is equivalent to identical one modulo J. 

Similarly, basis change with the help of block-diagonal matrix, that is identical on the basis part 



{Vei,V- 



. ^1) V2} and having the form 



I 203,9/(02 + al ) 

-204,9/(03,9 + «4,9) 



2 
3,9 



+ «1,9) 



V 



—204,9/(0: 
203,9/(03 9 + O4 9; 


















\ 



2o3,9/(oi_9 + o; 
—204,9/(0; 



4 9/ 
^ 2 \ 

3,9 + '^4,9) 



-204,9/(0^ 
203,9/(0? 



+ < 



3,9 -r "4,9 
3,9 + '^4,9) / 



on the part {fei+62,^- 



■61—62 ) '■'61—62 



,v, 



62- 



s^}, also does not move the elements wi, 01,7, oi,8, but now 



03,9 is equal to 2, 04,9 equal to 0. Also this change is identical modulo J. 

We suppose that after these two basis changes we move to an isomorphism (p^. 



Now we consider the matrix Xei+e2) the image of Xei+e2(l)- It commutes with h, 



■61— 62 I 



-1) and 



w. 



61- 



62, therefore it is 


equal 


to 
















(Ki 


61,2 


61,3 


61,4 

















\ 




62,1 


62 2 


62,3 


62,4 






















-61,3 


-61,4 


Ki 


61,2 






















-62,3 


—62,4 


62,1 


62,2 

























0' 


d 


d 


65,5 


65,6 


65,7 


-65,7 





65,10 
















^6,5 


^6,6 


66,7 


-65,7 





66,10 
















67,5 


67,6 


67,7 


67,8 


67,9 


67,10 
















-67,5 


-67,6 


67,8 


67,7 


67,9 


-67,9 - 67,10 
















69,5 


69,6 


69,7 


69,8 


69,9 


69,10 




^ 











269,5 


269,6 


69,7 - 69,8 


69,8 - 69,7 





69,9 + 269,10 ) 



13 



We will use the following list of conditions: 



Conl 
Con2 
Con3 
ConA 
Con5 



1^62 "-61+62 I J- j 2^62 "-61+62 1 ^) 
V'^61 +62 ^61—62 ^^ei— 62^61+62 j 

(2^61+62^62 2;e22^6l+62 Jj 

•''61+62 62^^61 •''6l'''627) 

(■^61 — 62 ^61 — 62 -^61 — 62 ^ei — 62 ^^1 " 



^Wpr.X, 



w^ 



61+62 "^62 ■''61+62 "^62 



Wfi 



^62^^61+62^62 ■^61+62)) 



Let us denote yi = ai,i - 1, yi,2 = ai,2, ys = ai,3, 2/4 = ai,4, 2/5 = ai,5, 2/6 = ai,6, y? = ai,9, 
2/8 = ai,io> 2/9 = 03,1' yio = 03,3 - 1, 2/11 = 03,4 + 1, 2/12 = 03,5, 2/i3 = 03,6, 2/i4 = 04,1, 2/i5 = 04,3, 
2/16 = 04,4 - 1, 2/17 = 04,5, 2/18 = 04,6, 2/19 = a.5,1 - 1, 2/20 = 05,2, 2/21 = 05,3, 2/22 = 05,4, 2/23 = 05,5 - 1, 

2/24 = 05,6, 2/25 = 05,7 - 1, 2/26 = 05,8, 2/27 = 05,9, 2/28 = 05,10, 2/29 = 06,1, 2/30 = 06,2, 2/31 = 06,3, 
2/32 = 06,4, 2/33 = 06,5, 2/34 = 06,6 - 1, 2/35 = 06,7, 2/36 = 06,8, 2/37 = 06,9, 2/38 = 06,10, 2/3909,l, 2/40 = 09,5, 
2/41 = 09,6, 2/42 = 09,9 — 1, 7/43 = aio,l, 2/44 = Oio,3, 2/45 = Ol0,4 — 1, 2/46 = Ol0,5, 2/47 = Ol0,6, 2/48 = Ol0,9, 
2/49 = &1,1 - 1, 2/50 = ^1,2, 2/51 = ^1,3, 2/52 = ^1,4 + 1, 2/53 = &2,1, 2/54 = &2,2 - 1, 2/55 = ^2,3, 2/56 = ^2,4, 
2/57 = ^5,5 - 1, 2/58 = ^5,6 + 1, 2/59 = ^5,7, 2/60 = &5,10 + 1, 2/61 = ^6,5, 2/62 = &6,6 " 1, 2/63 = ^6,7, 2/64 = &6,10, 
2/65 = ^7,5, 2/66 = &7,6, 2/67 = ^7,7 " 1, 2/68 = ^7,8, 2/69 = ^7,9, 2/70 = &7,10, 2/71 = ^9,5, 2/72 = &9,6 " 1, 
2/73 = ^9,7, 2/74 = ^9,8, 2/75 = ^9,9 ~ 1, 2/76 = ^9,10- All these iji are from J. From conditions 1-5 we can 
choose 76 equalities from the following positions (these equations are linear up to yi): 

condition Conl: positions (1,1), (1,2), (1,3), (1,4), (1,5), (1,6), (1,7), (1,8), (1,9), (1,10), (3,1), 
(3,3), (3,4), (3,5), (3,6), (3,10), (4,1), (4,3), (4,4), (5,1), (5,2), (5,4), (5,6), (5,7), (5,8), (5,9), 
(6,6), (9,1), (9,4) (29 equalities); 

condition Con2: positions (1,3), (2,3), (3,3), (5,5), (5,6), (5,7), (5,8), (5,9), (5,10), (6,8), (9,5), 
(9,6), (9,9), (10,5), (10,8) (15 equalities); 

condition Con3: positions (1,1), (1,2), (1,4), (1,6), (1,7), (2,5), (2,6), (2,9), (2,10), (3,1), (3,2), 
(3,4), (3,6), (3,7), (3,10), (5,1), (5,2), (5,4), (5,5), (5,6), (5,7), (5,9), (8,2), (8,4) (24 equalities); 

condition Con4: positions (5,6), (5,8), (5,10), (6,6), (7,6), (10,6) (6 equalities); 

condition Con5: positions (2,4), (6,7) (2 equalities). 

If we write the matrix of this linear system modulo J, we obtain a matrix 76 x 76 with entries 
0, ibl,ib2 and determinant 2^^ (it is checked by direct calculations). Therefore, its determinant is 
invertible in R. Consequently, our system of equations has a unique solution yi = ■ ■ ■ = 2/76 = 0. 

Thus, ip3{Xa,il)) = Xa,{l)- 

As for elements q = (p2{hei+e2it)), since q commutes with /iei+e2(~l) ^.nd ti;ei-62, we have 





^ Ci,i 


Cl,2 


Cl,3 


Cl,4 



















\ 




C2,l 


C2,2 


C2,3 


C2,4 
























-Cl,3 


-Cl,4 


Cl,l 


Cl,2 
























— C2,3 


— C2,4 


C2,l 


C2,2 






















Ct = 














C5,5 


C5,6 


C5,7 




-C5,7 





C5,10 














C6,5 


C6,6 


C6,7 




-C6,7 





C6,10 
















C7,5 


C7,6 


C7,7 




C7,8 


C7,9 


C7,10 
















-C7,5 


-C7,6 


C7,8 




C7,7 


C7,9 


-C7,9 - C7,10 
















C9,5 


C9,6 


C9,7 




C9,8 


C9,9 


cg.io 


V 











2C9,5 


2C9,6 


C9,7 — C9,8 


C9,8 - C9,7 





C9,9 + 2C9,10 / 


From CiXei-e2 = 


= Xei-e2Ci we obt< 


iin ci,2 


= Cl,3 


= C2,l = 


C2,4 


= C5,7 = 


C6,7 = 


= C7,5 = C7,6 = 


C7,9 = C9,7 = 


= C9,8 = 


C7,10 = 


= 0, C9,9 = crj. 















C7,; 
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From ctWei+e2Ct = 'U^ei+e2 it follows C2,3 = — ci^4, cjj = 1; from QXeaCj a:e2 — Xe2CtXe2Cf it follows 
ci,4 = 0, ci,iC2,2 = 1, C6,5 = C5,6 = €5,10 = cq^io = €9,5 = €9,6 = C9,io = 0, €5,506,6 = 1, and again from 
the previous condition 05,5 = cf |. 

So Q = /iei+e2('5) for some s € R*. Similarly, for dt = ip3{he2{t)) we have dt = h^^i^s) with the 
same s. 

Therefore, tpz is such that v33(xq,^(1)) = ^^.(l), ^p^{hai{t)) = hai{s{t)) for all «» G <1>, t G i?*. 

Let us show the same for G2. 



Recall that 



5. Images of Xa.(l) and /iq2(2) for the case G2. 



Wl 



/ 


-1 



































\ 


-1 

































































1 












































1 
































1 












































1 
































-1 












































-1 
































-1 












































-1 






























































1 












































1 












































-1 


3 


V 






































1/ 



W2 = 



( 











1 


























\ 

















1 



































-1 






































-1 



































1 












































1 
























































1 












































1 


















































1 












































1 
































-1 












































-1 


















































1 





yo 



































1 


-1 / 
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Xa^{l) 



Xa2 \^) 



/ 1 


-1 





























-2 


3 \ 





1 









































1 









































1 





-1 





1 





1 

















3 





1 









































1 





-2 





-3 

















3 





2 





1 









































1 





3 

















-1 





-1 





-1 





1 









































1 









































1 






































1 











1 





























1 





Vo 



































1/ 




/ 1 





























\ 









1 








1 






























1 


-1 

















1 


-2 















1 



























-1 











1 




































1 







































1 




































1 

















1 






















1 







































1 





1 



























-1 





1 







































1 




































1 









^ 








1 
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K, (2) = diag[2, 1/2, 1/4, 4, 1/2, 2, 1, 1, 2, 1/2, 1/2, 2, 1, 1]. 



The fact that xi = (p2{xa^{l)) commutes with /iq,^(— 1) and with w^ai+2a2 — W2WiW2W^ W2 , gives 



Xi 



( 



fll 


a-i 


























On 


-an 


ai3 


-3/2ai3 


&1 


62 


























&11 


-&11 


bi3 


-3/2fei3 








C3 


C4 


C5 


66 


67 


68 


6g 


610 




















dz 


^4 


d5 


dg 


dj 


4 


dg 


rfio 




















63 


64 


65 


66 


67 


68 


6g 


610 




















h 


U 


h 


k 


A 


/8 


h 


/lO 




















-ho 


-h 


-h 


-/7 


h 


h 


h 


h 




















-eio 


-eg 


-68 


-67 


66 


65 


64 


63 




















~diQ 


-dg 


-4 


-d7 


d. 


d5 


di 


4 




















-cio 


-cg 


-68 


-67 


66 


65 


64 


63 














51 


91 


























511 


312 


913 


914 


-51 


-.92 


























311 


.912 


-313 


314 + 3gi3 


/ll 


h^ 


























hii 


-/ill + 3iii 


hi3 


3/2(ii4 - hi3) 
































ill 


ill 
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Similarly, since X2 = 992(2^02(1)) commutes with ha^(^—\) and tf2ai+Q!2 = 'W\W2W\'UJ2 "^x ' ^^ have 



X2 



( ^1 


J2 








jb 


k 








J9 


Jio 


ill 


ii2 








fcl 


h 








h 


ke 








fcg 


fcio 


fell 


fcl2 














^3 


h 








It 


-?7 














hs 


-2^13 








ma 


7714 








mj 


—mr 














TO13 


-2mi3 


— /cg 


-fcs 








fc2 


fci 








— fcl2 


—kii 


^10 


fcg 








-ie 


-.?5 








h 


ii 








-ju 


-ill 


jio 


J9 














«3 


n4 








nj 


ng 














«13 


ni4 








-«3 


-n4 








ns 


«7 














"-13 + "14 


-"-14 


Pi 


P2 








P5 


P6 








P9 


PlO 


Pii 


P12 








91 


92 








95 


96 








99 


910 


911 











-96 


-95 








92 


91 











-911 


910 


99 








-P6 


-P5 








P2 


Pi 








-Pl2 


-Pii 


Pio 


P9 





























S7 + S8 


S7 + S8 











2S13 + Sl4 





\ 





S3 


Si 








S7 


S8 














Sl3 


Sl4 



/ 

Finally, since /ia2(2) commutes with /iq,^(— 1), ha^{—l), W2ai+a2j and also from the equality ConQ := 
{w2hct2{'^)w2 = /iq2(2)^"'^), we obtain 



^2 = (P2(ha^(2)) = 



( *' 


t2 


























til 


tl2 





\ 


Ul 


U2 


























Ull 


"12 














W3 


Vi 








vr 


— f7 


























W3 


W4 








Wl 


-Wj 
































W2 


Ul 








-W12 


-wii 


























t2 


h 








-tl2 


-ill 




















2^3 


Xi 








X-J 


Xs 


























-2:3 


-Xi 








xs 


X7 
































Vb 


ye 








2/9 


yio 


























Zb 


Z6 








Zg 


2^10 














— ^6 


-Z5 


























ZlO 


Zg 








-ye 


-Vb 


























yio 


Vq 












































1 





V 
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Pos. (14, 12) of Con! := (xfd2 = d2Xi) gives 

iii-a = iii((5ii + 512 + ii4)(^9 + 2/9) - 1) = 0. 

Since a = 3 mod J and 3 G R* , we have in = 0. From the position (14, 14) of the same condition 
we obtain ii4(ii4 — 1) = 0, therefore, ii4 = 1. 
Now we will use the condition 

Con8 := {W2X2W2 xi = X1W2X2W2 )■ 

Its position (14,2) gives S13 = 0, 

Let us make the block-diagonal basis change that is identical on the submodule, generated by all 
{Vi, . . . , V;}, and all {wj, f _j}, where a, is a long root, and with the matrix 

ai3 -bl3 



-fel3 



^13 ''13 
ai3 



\"13 "13 ''^13 "13/ 

on all submodules, generated by {wj,^^^}, were Ui is a short root. This basis change does not move 
Wi for all i, it is equivalent to unit modulo J . At the same time we have 013 = —2, &13 = 0. 
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The position (13, 13) of 



Con9 := {ha2{—l)xiha2i—^)xi = 1) 
gives 

2hi - 2gnhn + hj^ - 1 = 0, 
and the position (13, 13) of Con7 gives 

-2/ii + 2513/111 + /ifg - his = 0. 

These two equahties imply /113 = 1. 

Now the positions (2, 12) and (2, 13) of Con9 give 

f -feiaii + bii{-b2 + 512 - 511) = 0, 
\-fei2 + 611513 = 0. 

This system modulo J is equivalent to 

(o-bi -2- 611 = 0, 
|-2- 61+0 -fell = 0, 

therefore 61 = bn = 0. The same condition (pos. (2,2)) directly implies 62 = 1- 

Let us again make the block-diagonal basis change, that is identical on the submodule, generated 
by all {Vi, . . . , Vi} and all {vi,V-i}, where ai is a short root, and has the matrix 




'13 



/13 



'13 '"'13 - 



on all submodules, generated by {vi,V-i}, where Oi is a long root. This basis change does not move 
Wi for all i, and is equivalent to 1 modulo J. At the same time we have /13 = 1, rrii^ = 0. 

Now we suppose that from the isomorphism {p2 after the last two basis changes we come to the 
isomorphism 993. 

From the position (13, 2) of Con9 we obtain hia2 = —2hiig2, therefore, hi = /3i/iii, /3i = mod J. 
Now from (1,12) of Con9 —aiau + 011512 — aii5ii — 2/iii, consequently, an = (32hii, (^2 = —1 
mod J. Similarly, from (1, 13) of Con9 it follows oi = 1 + P^hn^ /Ss = mod J, from (12, 1) of Con9 
912 = (^ihii, it follows (3^ = mod J, from (12, 12) oiCon9 it follows 511 = I + /35/111, (3^ = mod J, 
from (12, 1) of Con9 it follows 51 = betaQhn, Pq = mod J. Using the position (2, 1) of 

ConlO := (xiwixiw^ = wi), 

we obtain 02 = —1 + /Jy/iii, f3j = mod J. From (1,2) of Con9 it follows /12 = 1 + Pshn, f3s = 
mod J. Using position (1,2) of 

Conll := {W2X2W2 xi = X1W2X2W2 ), 

we obtain J2 = /^g/in, (3g = mod J. From (13, 12) of Conll ju = /Jio^iii, /3io = mod J, from 
(1,11) of Conll J12 = /3ii/iii, /3ii = mod J, from (1,1) of Conl ui = /3i2/iii, /5i2 = mod J, 
from (1,12) ofCon7ni2 = As/in, /3i3 = 3/2 mod J, from (13, 2) oiConl U2 = l/2 + /3i3/iii, /3i3 = 
mod J. 

Using the position (7, 7) of 

Conl2 := (d2V?2(x2ai+a2(l)) = '/'2(a;2ai+a2(l))t^2 = d2WiW2XiW2^w]^^ - WiW2XiW2^ W^'^ d2) 

we obtain xg = /3i4/iii, /3i4 = mod J, from the position (14, 8) of Conl2 it follows X7 = 1 + /Sis/in, 
/3i5 = mod J, from (1, 11) of Con! it follows un = /3i5/iii, /3i5 = mod J. 
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Using the position (1, 12) of 



ConlS := (w2d2Wr, d2 = 1) 



^2 

we obtain ti2 = l3i%hii, j3i(, = mod J, from (1, 11) of Conl3 it follows tn = /Siy/in, /3i7 = —3/2 
mod J, from (1,5) of ConlS it follows ^2 = As^iij As = mod J, from (2,2) of Conl3 it follows 
ti = 2 + Pighii, /3i9 = mod J, from (7,4) of Conl2 it follows X4 = /320^ii) /320 = mod J, from 
(7, 3) of Conl2 it follows X3 = /32i^ii, /32i = mod J. 
Position (13, 14) of 

Conl4 := (X2<^2(a;2ai+Q2(l)) = V'2(x2ai+Q2(l))^2) 

gives ni4 = /322/111, /322 = —2 mod J, from (13,3) of ConlA it follows ns = /323/111, /323 = mod J, 
from (13,4) of Conl4 it follows 71,4 = /324^ii, /324 = mod J, from (8,13) of ConlA it follows 
ns = /325/iii, /325 = mod J. 

Finally, from (7,4) of Conl4 it follows (32&hii = 0, where /326 £ -R*- Consequently, hu = 0. 

Now position (3,14) of Conll gives C4 = 0, position (4,14) of the same condition gives ^4 = 1, 
position (13,2) gives S14 = ji. 

Position (3, 13) of 

Conlb := {hai{-l)x2hai{-l)x2 = 1) 
gives Is = ji, position (4,3) gives 771,3(771,4 + 1) = => 7773 = 0, position (3,3) gives S3 = 0, (4,4) gives 
7774 = 1, (4, 7) gives 7777(1 + 777) = => 7777 = 0, (3, 13) gives ji = 1, (3, 4) gives S4 = —I4. 

Position (5,3) of Conll gives 64/4 = =^ 64 = 0, position (4, 13) of the same condition gives 
{dj + ^8)7113 = ^ 7113 = 0, position (8,8) of Conlb gives 717 = 1, position (7, 13) of Conll gives 
/g = 0, position (8, 13) gives eg = 0, position (13, 13) of ConlA gives ss = —S7, position (14, 13) gives 
—U{—2gis — gii) = S7, and position (3, 13) gives /4(— 2(713 — (714) = Ij, therefore S7 = —Ij. Position 
(13, 5) of Conll gives jq = 0, (13, 6) gives J5 = 0, (13, 9) gives jio = 0, (13, 10) gives jg = 0. 

Positions (10, 13) and (10, 14) of 

Cor7l6 := {ip3{xsai+a2{'^)Xa2{'^)x3ai+2a2{'^)) = 9^3(2:02 (l)a^3Qi+a2 (1))) ■ = 

= {W1X2W1 X2W2W1X2W2 W2 = W1X2W1 X2) 

give qg = qn = 0, (7, 13) — ku = 0, (9, 13) — pg = 1, (2, 13) — A:9 = 0, (2, 14) — kn = 0, (5, 14) — 
feio = 0, (14, 12) — qi2 = 1, (9, 14) — pu = 0, (4, 14) — piogis = ^ pio = 0, (12, 14) — pu = 0, 
(11, 14) — qio = 1, (3, 10) —k = -1, (5, 1) — k6{k2 -l)=0^k2 = l, (5, 2) — k^ki = ^ ki = 0, 
(4, 1) (4, 2)—p5=P6 = 0, (13, 5) — (75 = 0, (4, 6) — gifeg = ^ gi = 0, (1, 6) — k^ke = ^ k^ = 0, 
{5,8) — kG{kG-l) = 0^kQ = l, (12,8)— P2 = 0, (13,6) —96 = 0. 

From Conll it now follows that 63 = 3 (pos. (1,3)), /4 = (pos. (6,3)), dg = (pos. (9,3)), cg = 
(pos.(10,3)), eg = (pos. (1,6)), eio = (pos. (1,10)), eg = 1 (pos. (1,5)). 

From Cor7l4 it follows A = (pos. (1,1)), /s = (pos. (1,12)). Position (1, 3) of Co7i7 gives W3 = 0, 
positions (3,4) and (4,3) of Cor79 give V4 = 0. 

From (12, 2) of Con9 we obtain (713 = 2g2, from (8, 3) we obtain eg = — cio, from (12, 14) of Cor7lO 
we obtain (714 = —3(72, from (6,9) we have fio{ds + f^) = =^ /s = —d^, from (10,6) of Conlb — 
q2 = —pi, from (1, 7) of Conll we have 67 = 3I7, from (1,8) we obtain cio = 3/7, from (12,3) we have 
92 = hi from (11,3) it follows pi = —l^. 

Now from 

Co7il7 := {d2X2 = X2d2) 
Vi = 16773 (pos. (3,4)), V3 = 1/4 (pos. (3,13)), wy = -Slj (pos. (3,8)), yio = (pos.(9,12)), yg = 42;io 
(pos. (10,12)), zio = xio (pos. (11,9)). From (11,12) and (12,12) of Con6 we have zg = 0, zio = 1/2, 
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from (9,5) and (9,6) zq = — 1/5, ye = —4^5, from (4,8) vj = —8/4/7. Again from ConlJ it follows -25 = 
(pos. (11,6)), 2/5 = -3/2/7 (pos. (10,2)). From (3,2) of Conll we obtain cq = -3/|, from (4,3) we 
have C3 = 1 + Ijfio, from (4,2) we have de = —1 — diolj, from (6,2) we have /e = 1 — ^7/10) from (4,8) 
we have cg = hd^, from (12,6) C7 = /7/10, from (9,12) ds = —Ijfio- From (5,7) of ConJ we obtain 
"^hihfiQ — fio) = 0. Since /lo € i?*, we have /7 = 0. From Conll it follows C5 = 0, from (4,7) of Con9 
it follows ^7 = 0, from (4,3) it follows ^5 = 0, from (3,9) of ConlO it follows dio = 1, from (5,9) we 
have /lo = —3, from (3,7) we have dg = 1, from (3,5) we have /g = —2. 

Now, finally, we see that xi = Xai (1), X2 = Xa2 (1), t?2 = ha2 (2). It is easy to check that (p3{ha-^ (t)) = 
hai{s) and ip3{ha2{t)) = haiis) for some s £ R*. Since all roots of the same length are conjugate up 
to the action of W, then (/33(xq,-(1)) = Xa^{l) and ip-i{ha-{t)) = ha^{s) for some s G R* . 

6. Proof of Theorem 1. 

Now we have stated that for both root systems under consideration (y33(xQ,-(l)) =2:^^(1)), ip^{ha-{t)) = 
hai{s), i = ±1, . . . , ±m, t,s € R*. 

For any long root aj there exists a root ak such that ha^{t)xa {l)ha,,{t)~^ = x^ (t). Therefore, 
<^3{xa{t)) = Xa{s). From these conditions and commutator conditions it follows that (p3{xa{t)) = 
Xa^is) for all Oj € <&. 

Let us denote the mapping t h^ s hj p : R* ^ R*. If t ^ R*, then t € J, i. e., t = 1 + ti, where 
ti G R*. Then (p3{xa{t)) = ^3{xa{l)xa{ti)) = Xa{l)xa{p{ti)) = 2:^(1 + p(ti)), a G <1>. Therefore, if we 
extend the mapping p to the whole ring R (with the formula p{t) := 1 + p{t — 1) for t G J), then we 
obtain (p3{xa{t)) = Xa{p{t)) for all t G .R, a G $. It is clear that p is injective, additive, multiplicative 
on invertible elements. Since every element of the ring i? is a sum of two invertible elements, we have 
that p is also multiplicative on uninvertible elements of the ring, i.e., is an isomorphism from R to some 
its subring R'. Note that in this situation CE{^, R)C~^ = E{^, R') for some matrix C G GL{V). Let 
us show that R' = R. 

Lemma 2. Elementary Chevalley group EadiR, ^) generates Mn{R) as a ring. 

Proof. Let us consider the case of the root system B2, since the case G2 is completely similar. The 
matrix (xei+e2(l) — 1)^ is — 2-E'5,6 {Eij is a matrix unit). Multiplying it to some appropriate diagonal 
matrix, we obtain an arbitrary matrix of the form a ■ ei2 (since —2 G R* and invertible elements of R 
generate R). Then We^aE^jfi = aEg^rj, Wej^aE^fiWe^ = aEgj, ■We2aE5fi = aEj^, We20tEf)fiWe^ = aEj^j, 
We20iE^fiWe2 = aEj^s, Wej^aE^fiWe2 = aEs^Si We-i^+e2<^E^fi = oEq^. These matrices generate a subring 
of the matrix ring, generated by Eij, 4: < i,j < 8. Similarly, with the help of (xei(l) — 1)^ we can 
obtain a subring, generated by Eij, 1 < i,i < 4. With these matrix units and elements Xa{l) we can 
generate the subring Ms{R). Now let us subtract from a;e2(l) — 1 appropriate matrix units, and we 
obtain the matrix i?io,4 — 2£'3^9 + £'3,10- Multiplying it (from the right side) to £'4,1, 1 < i < 8, we 
obtain all -Eio,*, 1 < ^ < 2m. With the help of the Weil group we have all Eij, 8<i<9, l<j<8. 
Now we have the matrix — 2£'3^9 + £'3,10- Multiplying it (from the left side) to E2m+i,i, we have 
E2m+i,2m+i- With the help of last two matrices we have £"3,9, therefore Eij, 1 < i < 8, 8 < j < 9. 
Thus we obtain all matrix units, and so the whole matrix ring Mn{R). □ 

Lemma 3. If for some C G GL{V) we have CE(^,R)C^^ = E{R',^), where R' is a subring in R, 
then R' = R. 

Proof. Suppose that R' is a proper subring in R. 

Then CMn{R)C~^ = Mn{R'), since the group E{^,R) generates the ring Mn{R), and the group 
S($, R') = CEi-^, R)C-^ generates the ring Mn{R'). It is impossible, since C G GLn{R). □ 
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Consequently, we have proved that p is an automorphism of the ring R. So the composition of the 
initial isomorphism ip' and some basis change with a matrix C € GLn{R) (that maps E{^,R) onto 
itself), is a ring automorphism p. Thus f" = ic-^ ° P- 

Therefore, Theorem 1 is proved. 

7. Proof of Theorem 2. 

Proof of Theorem 2. Suppose that we have a Chevalley group Gad{^^ R) a-nd its automorphism cp. 
Since the elementary subgroup Eadi^, R) is the commutant of Gadi^, R), then it is mapped onto itself 
under the action of p. On the elementary subgroup c^ is a composition of standard automorphisms: 
ip = i(j o p. Consider a mapping ip' = p^^ o i^ o (p. It is an isomorphism from the Chevalley group 
Gadi^jR) onto some subgroup G C GLn{R), that it identical on the elementary subgroup. We know 
that Gad{^,R) = Ead{^ , R)Tad{^ , R) , Tad{^,R) cousists of such elements h^, that x : ^ ^ -R* is a 
homomorphism, h^Xa{t)h~^ = ^^(^(a) • t). Every h^ commutes with all ha(t), t G R* . 

Consider a matrix A = (p'{hy). Since A commutes with all /iQ,(t), q € <I>, t G i?*, it has the form 

where D is a diagonal matrix {2m) x {2m), C is some matrix I x I. For all a G <l> and t (^ R we have 
the condition 

Axa{t)A~^ = Xa{x{a)-t). 
By direct calculations (as it was done in the previous sections) we see that this condition implies 
A = ay.hy., where a^. G R* . Let ht^^^^^^n be a homomorphism from the root lattice to R* such that 
every simple root Oj is mapped to U. Then from (/it,i,...,i)^ • (^i,t-i,i,...,i) = ha^{t) it follows that 
for all X ^x ~ ■*-■ S™*^^ 9^'(^x) ^ SLn{R), we have a" = 1. So (since 10,14, that are dimensions of 
adjoint representations of Chevalley groups B2 and G2, do not divided to 3), we have a^ = 1 for all x, 
therefore, cp' is identical. Theorem is proved. 

Corollary 1. Any automorphism of an (elementary) adjoint Chevalley group of types B2 (orG2) over 
local commutative ring with 1/2 (1/Q) induces an automorphism of the matrix ring Mn{R), where n 
is a dimension of adjoint representation. 
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